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given Table 1 Dimensionless vaporization rates3

C/ScY;+fYf= - (10d) Dimensionless vaporization rate, x 10"

at the wall. Here thj is the vaporization rate of species /
( r h j - Q except for / = C, C2, and C3), which is given by the
Knudsen-Langmuir equation

g/cm2-s (11)

where a/ is the vaporization coefficient of the species /, pe is
the total pressure, and pVii is the vapor pressure of the /th
species at the wall temperature, which is obtained from
thermodynamics.

Results and Discussion
The equations and the boundary conditions just described

are complete and ready for numerical calculation. As an exact
solution is required, no approximation is introduced in the
solution method. The initial value of /(O), /"(O), 0'(0), and
y/(0) should be determined. This determination is made such
that, as y/(0) is changed, /(O) changes according to Eqs. (11)
and (lOa). Thus/" (0) must be chosen very carefully. The well-
known Newton-Raphson method failed to find these values,
and the relaxation method was adopted instead for a small
vaporization rate. Many trials were required to obtain a
solution. In the calculation, hydrogen and methylidyne were
assumed to be dissociated, since their equilibrium con-
centrations at this high temperature of interest (Te = 12,000 K
and Tw = 3000 K) are much smaller than the other species. The
composition of the external stream is taken from the Jupiter
nominal atmosphere.

The results are shown in Fig. 1 and Table 1. Significant
differences were not found in the temperature and velocity
profiles in the boundary layer between frozen and
nonequilibrium chemistry because of the small vaporization
rate (7^=3000 K). But profiles of carbon species for
nonequilibrium flow are significantly different from those for
frozen flow (Fig. 1). This shows the excess of diatomic carbon
(a very important species for heat shielding in Jupiter entry) in
the gas-phase boundary layer if it is calculated from the
frozen boundary-layer equation. If the surface condition is
taken as equilibrium, the difference between frozen and
equilibrium flow is not significant, because y/(0) is the same
for each case (see Fig. 1 1 in Ref. 1).

Table 1 shows that the vaporization rate of monatomic
carbon is negative; in other words, monatomic carbon is
adsorbed on the wall because of high dissociation rates of di-

Chemical behavior
in boundary layer

Frozen
Nonequilibrium

rnc

0.27
-1.23

^C2

0.29
0.45

^C3

1.90
2.79

and triatomic carbon in the gas-phase boundary layer. This
conclusion does not result from frozen boundary-layer
equations or from equilibrium surface conditions. Table 1
also shows that the vaporization rates of di- and triatomic
carbon for a nonequilibrium flow case are much larger than
those for the frozen flow case. From Fig. 1 and Table 1, it is
concluded that 1) the surface condition should be
nonequilibrium, and 2) in the gas-phase boundary layer, the
compositions are far from those of frozen flow at the high
temperature of interest.
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Fig. 1 Mass fraction of carbon species C, C2, and C3.
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A New Method of Nozzle Design
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I. Introduction

IN the aerodynamic design of a convergent-divergent
supersonic nozzle, the nozzle must be treated in three

parts—the,subsonic section, the throat, and the supersonic
section. The analysis of the flowfield in the throat portion of
the nozzle is, in most cases, the key to the design problem,
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because the location of the sonic line and the flow conditions
on it are required in order to initiate the supersonic design. 1>2

In general, however, it is very difficult (or quite often almost
impossible in practice) to construct an exact analytical
solution to the problem. Therefore, many efforts have already
been devoted to solving the transonic flow near the geometric
throat.3"5

In order to avoid such a difficulty in relation to the tran-
sonic problem, in this paper the design problem of the axially
symmetric supersonic nozzle is treated by an inverse method.
In this approach the nozzle contour is determined for
prescribed flow conditions on a reference streamline, which
may be the nozzle axis or another nozzle wall.

The analysis technique employed here is similar to the
streamline methods developed by Oswatitsch,6 and Uchida
and Yasuhara.7 Our scheme differs from the previous ones in
the abandonment of the usual stream function as an in-
dependent or dependent variable in the system of basic
equations. This is important because the introduction of the
stream function leads to the necessity of iteratively solving for
the streamline pattern and this usually greatly complicates the
analysis.

II. Basic Equations
It is convenient for the present purpose to use the general

description of the streamline and the orthogonal trajectory to
the streamlines,6'7

dyo(x,y) = const along — = — cot0

dy(3(x,y) = const along — = tan0

(1)

(2)

where x is the distance along the nozzle axis measured from
the throat, y is the distance from the axis, and 0 is the flow
angle relative to the x axis. Here, the flow equations are
written with (a,{3) as the independent variables.

Now, the dimensionless quantities are introduced by

dy

dy

dx
(9)

(10)

where Eqs. (9) and (10) are obtained from Eqs. (2) and (1),
respectively. It is easy to see that the new independent
variables (o,0), which are introduced in Eqs. (9) and (10), are
dimensionless.

With Eqs. (9) and (10), Eqs. (5) and (6) can be rewritten,
respectively, as

d_
do

d [(dy/d/3)-]
+—t* \ . \=0 (11)do I cos# J

A r
30 L

I 1 1 dp _1 p d
cosfl J 7 ~^V2 8(3 ~ ~

These can be integrated along /3 = const and
respectively, with the aid of Eqs. (7) and (8) to yield

cosd

V(dx/do)
cos<?

-exp -

(12)

i- const,

(13)

(14)

where 0 = 0 is chosen as the reference streamline (the nozzle
axis), and F(/3) and G(o) are functions of (3 and a,
respectively. Equations (9, 10, 13, and 14) constitute a system
of partial differential equations for x, y, K, and 6 with respect
to a and /3.

The boundary conditions which must be satisfied by the
system are

= o, y = 0, V=v(o), 6 = 0 at 13 = 0 (15)

= x/L, y=y/L, p = K= p=p/p* (3)

where L is a reference nozzle length, and p, K, p, and d are the
density, velocity, pressure, and speed of sound of the gas,
respectively, of which the last is defined by

a2=y(p/p) (4)

where 7 is the ratio of the specific heats. The asterisk denotes
the critical (sonic) conditions and the quantities p*, /?„, and
then a* may not be constants but functions of 0. These sonic
conditions p* and/?* are obtained uniquely from the reservoir
conditions which are not always required to be uniform across
the streamline and are, therefore, assumed known.

Using the dimensionless quantities introduced previously,
we can describe the system of basic equations for an inviscid,
nonconducting flow as:

7 8— _
pV da

(dy/do) dd 1 dy_l_il —— L — + -—^
(dx/30) d(3 y do (5)

9dO 1 (dy/do) dpo V — — — ————— —
do y (dx/d/3) d(3

P

P

(dy/do) d

P=P (7)

(8)

= (i at o = 0 (16)

where v ( o ) is the prescribed velocity distribution on the
reference streamline /5 = 0 (the nozzle axis). Substituting the
boundary conditions, Eqs. (15) and (16), into Eqs. (13) and
(14) yields, respectively,

F((3) = cos6(0,/3)

G(o) =v(ot)

(17)

(18)

III. Solution by a Streamtube Method
It is sufficient for our purpose to consider the solution of

the system in a domain

0<@<$w (19)

where Pw is a constant and represents a streamline along the
nozzle wall. This constant ($w is determined so as to satisfy a
condition

W ) throat = ) min = (20)

if the half-height at the throat r is taken as the reference
nozzle length L. The flow domain, Eq. (19), in the o(3 plane
corresponds to a domain 0<y<:f(x) in the xy plane, where
f ( x ) is the nozzle contour to be determined.
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The flow domain in the a@ plane is first divided into a large
number of strips by drawing lines on

'0 for i = 0

for / > 7
(21)

where / is a nonnegative integer and Aft (7=1,2,..., / ) are
positive constants which can be specified arbitrarily under a
condition of

(22)

where n is a positive integer describing the number of strips. It
is easy to see that the lines /3 = ft for / = 0 and i = n represent
the nozzle axis and the streamline along the nozzle wall,
respectively.

Next, suppose that we can approximate the flow variables
in the system by functions of a. only in a domain ft < /3 < ft + y ,

P(a,/3)=Pi(a)=P(a,(3i) (23)

where P may denote any one of the dependent variables Kand
e.

With the boundary conditons of Eqs. (15) and (16), Eq. (13)
yields, in conjunction with Eq. (17),

(dy\.\d(*)'
_ft__cos6>(Q!,ft)
>,ft) cos0(0,ft)

^(c
1 = 0 (24)

at /3 = ft. Using Eq. (24), we can get approximately the value
of the y coordinate of a streamline for /3 = ft + 7 by

(25)

Similarly, the x coordinate #'(a,ft+7) is obtained ap-
proximated by

xi+I=x(ct,Pj) (26)

Combining Eqs. (25) and (26) with the aid of Eqs. (24) and
(10) determines the streamline for |8 = ft+7 in the physical
plane.

The flow angle 0 on the streamline /3 = ft+ 7 can easily be
obtained from Eq. (9) in conjunction with Eq. (10) as

_ 1 V ( d y / d a )
L(dx/da)

(27)
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Fig. 1 Nozzle shape and the sonic line for e — 0.2.
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Fig. 2 Nozzle shape and the sonic line for € = 0.5.

where use was made of Eqs. (25) and (26). The flow velocity
on the streamline /3 = ft+7 is obtained from Eq. (14) with the
aid of Eq. (18) under the assumption of Eq. (23) as

xexp

Once the streamline (#/+/, .y /+/ ) in the physical plane for
j8 = f t+/ and the flow quantities (0/+/, K / + 7 ) on it are
determined, the streamline (xi+2^1+2) f°r 0 = ft+2

 an^ tne

flow quantities (Oi+2, Vj+2) on it can easily be determined in
the same manner. By repeated applications of this procedure,
the streamline (*/,>>/) for any value of / and the flow con-
ditions (0,-, K/) on it may be uniquely determined. Especially,
the streamline for / = n

x=xn=x(a,pw) (29a)

(29b)

yields the nozzle contour with ot as a dummy variable, which is
to be finally determined. Equations (29) may, therefore, be
taken as the implicit expression of the nozzle contour
y=fM.
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IV. Numerical Discussions
In order to evaluate the method developed here and to

check its validity and accuracy, the sample calculations have
been carried out for the flows of a gas with 7=1.4. It is
assumed that p*(/3) = const and the number of strips n is
chosen as 10. Two types of the velocity distribution along the
nozzle axis are considered:

A Critique of a Second-Order Upwind
Scheme for Viscous Flow Problems

Murli M. Gupta* and Ram P. Manoharf
University of Saskatchewan, Saskatoon, Canada

,(a) = 0.96079+ 0.35772a + 0.00556a2 for e = 0.2 (30)

where

e = r/R

for e = 0.J (31)

(32)

and where R is the radius of curvature of the nozzle contour at
the throat. The velocity distributions (30) and (31) are both
the solutions in the second approximation of Hall's per-
turbation method for the nozzle contour

f(x)=l+-x2 (33)

The numerical results of the nozzle contour and the sonic line
for the axial velocity distributions, Eqs. (30) and (31), are
shown in Figs. 1 and 2 by the solid lines that are compared
with the results obtained by the quasi-one-dimensional ap-
proximation and by the inverse application of Hall's method.

For the small value of e( = 0.2), for which Hall's method is
believed to be well applicable and accurate, the present result
of the nozzle shape is in good agreement with that of his
result, Eq. (33). In the subsonic portion of the throat (x<0),
the nozzle shape of the quasi-one-dimensional approximation
also agrees well with the two others. It gives, however, a
slightly lower value than the others in the supersonic region
(;c>0). A small difference in the location of the sonic line is
found between the present and Hall's results.

For the larger value of e( =0.5), for which the validity of
Hall's method is in doubt, the nozzle shape of the present
method deviates appreciably from his result, but is relatively
in good agreement with the quasi-one-dimensional result.

Finally, it must be noted that in order to adequately check
the validity of our scheme, it would be necessary to carry out
the calculations for larger values of n ( > 10) and to investigate
the convergency of the results with n. These calculations are
now being systematically carried out on the electronic digital
computer FACOM 230 at the computing center of Kyoto
University. The results will be reported in the near future.
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IN a recent paper, Atias et al. * compared the efficiency of
various Navier-Stokes solvers. In particular, they studied a

second-order upwind scheme (USO) for discretizing the
convective terms in the vorticity transport equation. This
Note presents convergence and stability properties of the
second-order upwind scheme when applied to a linearized
one-dimensional form of the vorticity transport equation.
Comparisons are carried out with the existing central dif-
ference scheme (CC) and the first-order upwind difference
scheme (UFO), and it is found that the second-order upwind
scheme is no better than the upwind difference scheme of first
order for large Reynolds numbers. Even when the accuracy of
the USO is comparable to the accuracy of CC, it is com-
putationally more complex.

Accuracy
The vorticity transport equation for a two-dimensional

flow has the form

dco do;

In order to solve Eq. (1) numerically, the second derivatives of
co and first derivatives of \l/ are replaced by central difference
formulas. If the terms du/dx and du/dy also are replaced by
central differences, the resulting scheme is called the central
difference scheme (CC). It is well known that, for large values
of the Reynolds number R, the central difference scheme does
not yield an accurate solution. An alternative approach is to
replace du/dx and du/dy by first-order forward or backward
differences, depending upon the sign of the velocities d\I//dx,
d\l//dy. Such a difference is called an upwind difference
scheme of first order (UFO). This upwind scheme is known to
produce satisfactory solutions for all values of R. The second-
order upwind scheme (USO) studied by Atias et al. l uses one-
sided finite differences of second order to discretize du/dx,
du/dy. Such a scheme was studied first by Price et al.2

A one-dimensional analog of the vorticity transport
equation, Eq. (1), is given by

d2o>
-—r
dx2

da)
— =0,
dx

a<x<b (2)

with u(a)=ua, u(b)=<job. Without loss of generality, we
take a = 0, b = 1, a)a = 0, and wb = l. The exact solution of Eq.
(2) is

The upwind difference scheme of second order (USO) for Eq.
(2) is given by

x
l[3ui-4ui_}+uj_2]

\>0
\<0 (4)
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